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Abstract 

We study SPDEs with two reflecting walls A^, and two singular drifts 
(x-Ai)*^ , driven by space-time white noise. First, we establish the 

existence and uniqueness of the solutions X for'd > 0. Second, we obtain 
the following pathwise properties of the solutions X. If "d > 3, then a.s. 
A^ < X < A^ for alH > 0; If 0 < ■d < 3, then X hits A^ or A^ with positive 
probability in finite time. Thus = 3 is the critical parameter for X to hit 
reflecting walls. 
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1. Introduction 

In this paper, we are concerned with the following reflected stochastic 
partial differential equations (SPDEs): 

{ dX{x,t) _ d^X{x,t) . X/ f A- gi _ C 2 

at ~ dx^ -r J ^ (A2_X)'» 

+x{x,t,X)W{x,t) + T{x,t) - T{x,t), {x,t) e Q := [0,1] x M+ 

A^{x,t) < X{x,t) < A‘^{x,t). 

( 1 . 1 ) 

Here VP is a space-time white noise and "d > 0. Random measures P and T 
are the additional forces preventing X from leaving [A^, A^]. 
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Considering that SPDEs with reflection are natnral extensions of the 
deterministic obstacle problems, there has been an npsnrge of interest in 
this topic. The existence and nniqneness of the solntions have been well 
stndied for the case of Lipchitz coefficient with a single reflecting barrier 0, 
i.e. = 0,A^ = oo^ci = C 2 = 0, see Naulart and Pa^onx [61], Donati- 
Martin and Pardonx 
Yang 


2|, Xn and Zhang [9|, etc.. Otobe and Zhang and 
14| obtained the existence and nniqneness of the solntions of SPDEs 


with donble reflecting barriers and Lipchitz coefficient, driven by an additive 
white noise and by mnltiplicative white noise respectively. 


All of the resnlts mentioned above are devoted to the case of Lipchitz coef¬ 
ficient. Mneller proved that solntions of SPDEs Xt = Xxx +g{X)W{t,x), 
where g{X) is non Lipschiz, do not blow np in finite time, they did this by in- 
trodncing a drift X~'^ into the former eqnation as a byprodnct. It was proved 
that this drift forces solntions to stay positive with probability 1. Mneller 
and Pardonx concentrated on the case when 0 <'d < 3 and showed that 
the solntions hit 0 with positive probability. Thns, '& = 3 is the critical 
exponent for X to hit zero in finite time. More precisely, if "d > 3, then 
infx X{t,x) never reaches 0, and for 0 < < 3, infx X{t,x) has a positive 

probability of reaching 0 in finite time. Existence and nniqneness for all time 
of a solntion for ■d = 3 was first verified by Zambotti [l^ , and it also showed 
the existence and nniqneness of the solntion in the case of 0 < 'd < 3 and 
a single reflecting barrier 0 in Zambotti [l^. The hitting properties of the 
solntion for'd = 3 was discnssed in [l|. All those discnssions are nnder the 
assnmption that SPDEs with the singnlar drift holds. 

Inspired by these, in this paper, we consider SPDEs fll.ip . which has 
donble smooth reflecting walls A^ and A^ and two singnlar drifts 

, for all "d > 0. As far as we know, there are few literatnres that 
have stndied the reflection problem with singnlarities. To show the existence 
and nniqneness of the solntions of Eq. fll.ll) . the strategy is similar to that 
in Xn and Zhang as well as jl^. Dne to the singnlar terms, we need 
to approximate the solntion by introdncing two monotone seqnences. As 
an extension from one wall to two walls case, we show that for ■d > 3, the 
solntion of Eq. fll.ll) stays in the interval (A^, A^) for all f > 0, a.s., that 
is T = P = 0; for 0 < "d < 3, the solntion of Eq. fll.ip hits A^ or A^ with 
positive probability in finite time. Thus ■d = 3 is the critical parameter for 
X to hit reflecting walls. Various other properties of the solutions have been 
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studied, see Q, i, [13, ini and [13 


The paper is organized as follows. Definitions and assumptions are given 
in Section 2. Section 3 is to establish the existence and uniqueness of the 
solution of Eq. fll.ip . In Section 4 we consider the pathwise properties of Eq. 
m, Subsection 4.1 is devoted to the case -d > 3, and in Subsection 4.2, we 
deal with the case when 0 < -d < 3. 


2. Preliminaries 

In this section, we state the precise assumptions on the coefficients and 
the concept of solution. 

First, we formulate Eq. (HU as follows: 


SX d-’-X , , Cl C2 

dt dx^ + / )+ ( if _ 


+ x{x,t,X)W + X -T-, 
(2.1) 


with the conditions 

X(0,f) = 0, X{l,t) = 0, for f > 0; 

X(a;,0) = Xo(a;)eC'([0,l]); (2.2) 

A^{x,t) < X{x,t) < A‘^{x,t), for {x,t) G Q := [0,1] x M+. 

Let /, X : [0,1] x M+ x C{Q) —)■ M be given measurable maps. Set Am,t = 

{X G C{Q) : sup \X{x,t)\ < M}. Introduce the following conditions: 

xe[o,i],te[o,T] 

(HO) A*(a;, t) G C{Q) satisfy A*(l, t) < 0, A*(l, t) > 0, for i = 1, 2; 

(HI) A^(a;, t) < A^{x, t), \/{x, t) G (0,1) x M+; 

(H2)# + 06i^(|O,l]xlO,r|); 

(H3) ^A*(0,f) = ^A*(l,f) = 0 for f > 0; 

(H4) |(A2 - A^) > 0. 

(El) /(•, •; 0), x(-, •; 0) G ^^([0,1] x [0, T]), for T > 0; 

(F2) for every X,X E Am,t there exists Ct,m > 0 such that 

\f{x,t]X)-f{x,t]X)\ + \x{x,f,X)-x{x,t]X)\ <Ct,m sup |A:(|/, s)-X(|/, s) 

for all {x,t) £ [0,1] X [0,T]; 

(F3) there exists Ct > 0 such that 

\f{x,t]X)\ + \x(,x,t]X)\<CT{l+ sup |X(|/, s)|), V(a;,f) G [0, l]x[0,T]. 

?;G[0,l],sG[0,t] 

Now we recall the concept of solution of Eq. (j2.2|) in 0. 
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Defintion 2.1. A triplet (X, T,r) defined on a filtered probability space 
(12, P, X; {Ji}) is a solution to the SPDE {\2.2\ . if 

(i) X G C(Q) is a adapted random field satisfying A^(x,t) < X(x,t) < 
A\x, t), X(0, t) = 0, and X(l, t) = 0, a.s; 

(a) T{dx,dt) and T{dx,dt) are positive and adapted random measures on 
(0,1) X R_|_ satisfying 


T ((e, 1 — e) X [0, T]) < oo, r((e, 1 — e) x [0, T]) < oo 
for e G (0, and T > 0; 

(Hi) for every t > 0 and tf G (the set of smooth functions with 

compact supports) 


{X{t),fi)-{Xo,fi)- {X{s),fi")ds- {f{y,s,X),fi)ds 


Cl 


C2 


t 


■{x-A^Y {x^-xy 


,Y)ds+ / / {x{.yX,X),y)W{dx,ds) 


0 Jo 


t rl 


+ 



t rl 


yT{dx, ds) 


0 Jo 



yT^dXyds), a.s, 


(2.3) 


0 Jo 


where (,) denotes the inner product mL^([0,1]) and X{t) denotes X{-,t); 
(iv) 


'Q 


[X{x,t) — A^{x,t))T{dx,dt) = / (^^^{xjt) — X{x,t)'jr{dx,dt) = 0. 


'Q 


3. The existence and uniqueness of solutions 

In this section, we prove the following theorem. 

Theorem 3.1. Let Xq G C'([0, 1]) satisfy A^ {x, 0) < Xo((r) < A^(x, 0), Xo(0) 
Xo(l) = 0. Assume conditions (H0)-(H4), (F1)-(F3) hold. Then there exists 
a unique solution (X, T, F) to Fq. fl2.2p for all ft > 0. 

As a hrst step we show that, for every v{x,t) (sometimes denote by v) 
G C{Q), v{x,0) = Xo(x) and v{0,t) = 0, n(l,t) = 0, the deterministic PDE 

^ d^E(x,t) Cl _ C2 I y-/ f\ _ t^( f\. 

at dx^ (S+IJ-AI)’’ {K^-E-v)^ ^ V"''’ ''2 

S(0, t) = “(1, t) = 0, for t > 0; 

E{x, 0) = 0, for X G [0,1]; 

A^(a;, t) < E{x, t) + v{x, t) < A^{x, t), for {x, t) E Q 
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has a unique continuous solution. 

We now recall the precise dehnition of the solution for Eq. fl3.ip in 
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Defintion 3.1. A triplet (S, T,r) is called a solution to the PDE US. 1\) if 
(i) S = E{x,t); {x,t) E Q is a continuous function satisfying A^{x,t) < 
S(x, t) + v{x, t) < Af{x, t), S(x, 0) = 0, H(0, t) = H(l, t) = 0; 

(a) T{dx,dt) and T{dx,dt) are measures on (0,1) x M+ satisfying 


T((e, 1 — e) X [0, T]) < oo, r((e, 1 — e) x [0, T]) < oo 

for every e G (0, |) and T > 0; 

(Hi) for all t > 0 and G (^^(0,1) we have 


{^{t),fj) - / {E{s),'ilj")ds- / ( 


Cl 


C2 


(H + n — (A^ — H — n)' 


t rl 



t /•! 


0 ./o 


fjT^dXjds) — / / 'ipT{dx,ds), 


(3.2) 


0 Jo 


where E{t) denotes E{-,t). 

M 



A^(a;, t))T(dx, dt) 



H(a;, t) — v{x, t)'jT{dx, dt) 


Proposition 3.1. Assume conditions (HO)-(Hf) hold. Then there exists a 
unigue solution (H, T,r) to Eg. fl3.ip . Moreover, denote (5, T,r) by the 
solution to Eg. H3.1\) replacing v with v. Then 

||H - H||^ < ll't, - «||L vr > 0, (3.3) 

where\\J\\l^:= sup \J(x,t)\. 

a:G[0,l],lG[0,T] 

Before the proof of Proposition 13.![ the following lemma for comparison 
is needed. 
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Lemma 3.1. Assume (H0)-(H4)■ Let : [0,1] x M M be measurable, p > 
0, such that y ^ g^{x,y) is monotone nonincreasing, Lipschitz-continuous 
uniformly in x E [0,1] and satisfies 

\g''{x,y)\ <C{l + \y\), for ?/e M, p > 0, 


for some C > 0. Consider the following PDE with reflection: 


® + »'’(=') + T' - T"; 

S^(0,t) = = 0, fort>0; 

EP{x, 0) = 0, for X e [0,1], 


where T^, satisfy 



t) + v{x, t) — A^(x, t))T^{dx, df) = 0, 


(3.4) 


'Q 


(A^(a:, t) — S^(a:, f) — v{x, t))T^{dx, dt) = 0. 


Then there exists a unique solution of Eq. (13.4^ . denoted by Moreover, if 
p ^ g^ is monotone nonincreasing, then p is monotone nonincreasing. 


Remark 3.1. To get the monotonicity of E^ w.r.t. p, the monotonicity of 
drift in Eq. (13.Ih w.r.t. p is required. If we assume that there exists the 
solution of Eq. (13 .Ih . the Lips chitz-continuous and linear growth conditions 
of g are not needed in Lemma \3.1[ 


Proof. The existence of the solution of Eq. fl3.4p can be obtained from the 
convergence of the penalized equation which is similarly to Theorem 2.1 in 
Otobe [TJ . The uniqueness of the solutions of fl3.4p can be proved in a similar 
way as Theorem 3.1 in Zhang and Yang 14 . 


Now we prove the comparison principle. Let pi > P 2 > 0 and set 0 = 
(H^’i — where are the solutions of Eq. fl3.4p with drifts 

gp^ respectively. Consider the inner product between 0 and in 
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L2(0,1). We have 

< 0, >ds + 2j <0, > ds 

+2 [ <0, dTP^ - dTP^ > -2 / <0, > 

Jo Jo 

= -2j\\^\\l,ds + 2j\cj), gP\EP^) - gP\EP^) > ds 
+2 [ <0, gf’^iEP^) - gP^{EP^) > ds 

Jo 

+2 f 1 {hpi>hp 2 } < - (S^= +v- A^), dT^^ - dT^^ > 

Jo 

-2 f 1{hpi>hp2} <EP^+v-A‘^- + y _ a2), dTP^ - dTP^ > 


= -2 


dx 


\\\2ds + 2 < 0 , gP^{EP^) - g^^{EP^) > ds 


+2 < 0 , gP^{EP^) - g^\EP^) > ds 

Jo 

+2 [ l|sPi>sP 2 }(< EP^+v- A\ -dJP^ > + < -{EP^ +v- A^), dJP^ >) 

Jo 

-2 [ l{spi>SP2}(< EP^+v- A2, -dTP^ > + < -{EP^ + w - A^), dTP^ >) 


< 2 < 0 , gP^{EP^) - g^\EP^) > ds. 


□ 


Proof of Proposition 13.11 Existence: Consider the following reflected 
PDE with Lipschitz coefficients: 


d ' E ^ l ’^2 92261,£2 


Cl 


C2 


_I_ Cl _^_C2_ ^ I 'Y'ei,e2 _ pei,e2. 

dt dx^ ' [ei + (“:'l’' 2 +D-Al)]’^ [e 2 +(A 2 -E:''l.' 2 -!))]'» “I" ^ i 

:O,.2('0,t) = = 0; 

:^i-"2ja,^0) = 0, 

(3.5) 

where 61,62 > 0 and pei ,<;2 satisfy (E'''^’'''^{x,t) +v{x,t) — A^{x,t)'j 

T^i’'' 2 ((ix, dt) = 0 , {A‘^{x, t) — t) — v{x, t))r'^^'^^{dx, dt) = 0 . 
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The existence and uniqueness of the solutions of Eq. fld.Sp can be got 
from Lemma [3.11 Indeed, there is a unique solution G [A^, A^] of the 
following PDE 

I_ Cl _^C2_I yei,e2 _ f’ei,e2 

dt [e^_|_(=ei.e2+,;-Al)V0]'’ [e2 + (A2-H"!’"2 -d) VO] 

= 0 ; 

0 ) = 0 , 

(3-6) 

where satisfy = 0, 

/q {^JS?‘{x,t)—'E‘^^’'^‘^{x,t)—v{x,t))t'’^^’'''^{dx,dt) = 0. Therefore, Eq.s fld.Sp and 
fl3.6p have the same solution. Denote the solution of Eq. fld.Sp by 


Fix € 2 , by Lemma l3.ll we get that ei e-)■ is nonincreasing. Notice 

that ;= (r^ _|_ jg solution of 


9tj'^l’'^2 _ Q2,^ei,e2 _ Cl _ ^_C2_ _|_ 'Y'ei,e2 _ yci,C2. 

dt ~ (t*;'l’'2+i;-Ai)*' (A^-ic"!’'2 -v+ei+e2)'^ “I” oj ui i 


=a;^i’^2(l,f) = 6i; 

0) = Ci, 

(3.7) 

where satisfy (^u^^’''^{x,t)+v{x,t)—A^{x,t))Tl}’‘^'^{dx,dt) = 0, 

Jg (A^(x, t) — t) — v{x, t))Tlj’’'^{dx, dt) = 0. 


T of oCl — _£1_,_£2_^ 

" (a;n.'2+u-Al)’’ (A2-a;n.^2-i;+ei+e2)'’ 

all e" > e']^ > 0, 


By Lemma [3.11 we have for 




t rl 


< 



'0 JO 

rt /•! 



- UJ^"’^^) + dxds 
Cl C2 


0 Jo Ttud '’'^2 + n — A^)’^ (^\2 _ ^€'{,€2 _ y 

__)1 

(a;d'-'^2 + y — A^)’^ (A^ — a;d'''^2 — -y + d( + 62)’^ 

(a; A -"2 - uj^A^2'^+(ixds 


< 0 . 


(3.8) 


This means ei 1 —)■ ei + jg nondecreasing. By the dehnition of uni¬ 
formly continuous, we obtain that converges uniformly on [0,1] x [O.T] 
to a continuous function, denoted by as ei f 0. Moreover, ei 1 —)■ 



















_ pei,e 2 jg monotone nondecreasing and then _ pei,e 2 converges 

distributionally to some measure _re 2 pj^om the proof of existence of the 
solution in Theorem 3.1 in [l^, P'^i’^^ converge distributionally to two 

measures T*^^ respectively, and denoted by T^^) the solution of 

the following equation: 


dE^2 _ I_ Cl _C2_ 'Y'e2 _ pe2- 

dt dx^ [e2+(A^-S‘2-,;)]'» “I" ; 


i^2(a;,0) = 0 


where T*^^ satisfy 


(3.9) 


'Q 


t) + v{x, t) — A^(a:, t))T^^{dx, dt) = 0 , 


'Q 


(A^(a;, t) — E^^{x, t) — v{x, t))V'^{dx, dt) = 0 . 


In view of Remark 3.1 , we could again apply Lemma 13.11 to Eq. (13.Qh . 
It is then easy to get that 62 is nonincreasing. €2 i—>- €2 + jg ajgo 

nondecreasing, and thus 5^^ converges uniformly as 62 i 0 on [0,1] x [0, T] to 
a continuous function denoted by S. Also, pc 2 converge distributionally 
to two measures T, T, respectively, and (S, T, T) is the solution of Eq. fl3.ip . 

Uniqueness: suppose (Si, Ti, Ti) and (S 2 , T 2 , r 2 ) are two solutions to Eq. 
(13.111 . We can choose an appropriate test function 0 in Eq. (13.2p . following 
the same arguments as that in section 2.3 of Nualart and Pardoux and 
consequently get 5i = H 2 . Using the same method of separating the two 
measures in Theorem 3.1 of iJj, we deduce that Ti = T 2 , Ti = r 2 which 
completes the proof of uniqueness. 


We now prove the inequality (13.311 . Dehne k := ||n 
k. Then u: satishes the following PDE: 


([pci,C2 

duj 

'm 

where 


:ci,c2' 


dx‘^ 


_j_ ^C1,C2 ^7:ci,C2^ _ ^ei,C2^'£:ci,C2^ _j_ 'Y' 


Cl ,£2 


T 


Cl,£2 


and uj : = 


^pci,C2 _ pci,C2j 


^C1,C2/'z:ci>c2'\ _ 


) = 


Cl 


C2 


[ei + (H^n ^2 +v- Al)]^ [62 + (A2 - - v)]’ 
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and 
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eiiC2_ 


) = 


Cl 


C2 


[ei + +v- [es + (A^ - - n)]* 


Using Lemma Em we get u'^ = 0, i.e. < k. By symmetry, 

:ei,e 2 _ ;^ei.e 2 < Then we have for any T > 0, 


7^1,£2 


i;ei,e2 llT 


Let ei, €2 i 0, we conclnde that 
Ineqnality fl3.3l) . 


oo < Ip -'Clloo- 

- S||^ < ||n — h||^. This is the same as 

□ 


Now we nse Picard iteration to get the existence and nniqneness of the 
solntion of Eq. fll.ip . 


Proof of Theorem 13.11 Similar to Zhang and Yang [1^ , we define 


vi{x,t) = / Gt{x,y)Xo{y)dy + / / Gt-s{x,y)f{y,s;Xo)dyds 

Jo Jo Jo 

+ / / Gt-s{x,y)x{y,s]Xo)W{dy,ds), 

Jo Jo 

where Gt{x,y) is Green’s fnnction of the heat equation. So Vi{x,t) satisfies 

= ^-^0^ + f{x, t] Xo) + x{x, f; Xo)W{x, t); 
vi{0,t) = vi{l,t) = 0; 
ni(x,0) = Xo{x). 

Let (SijTijTi) be the unique solution of Eq. fl3.1l) with v = Vi. Then 
(Xi,Ti,ri), where Xi := Hi + ui, is the unique solution of the following 
SPDE with two reflecting walls: 


dXi{x,t) _ d‘^Xi(x,t) 

dt 


C2 


_ a-j^i{x,t) I r/ -f-. Y \ J- Cl _ _ 

^ r J [X, t, AoJ + (A^-Vi)" 

+x(x,t;Xo)W(x,t) + Ti - Pi; 

^i(ou) = = 0; 

Xi(a;,0) = Xo(a;); 

A^(a;,f) < Xi(x,t) < A^(x,t). 

Iterating this procedure, suppose X„_i has been obtained. Let 

Vn(x,t) = / Gt(x,y)Xo(y)dy + / / Gt-s{x,y)f{y,s-,Xn-i)dyds 

Jo Jo Jo 

+ / Gt_s(,x,y)x{y,s;Xr,-i)W{dy,ds) 

Jo Jo 
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and (En, T„, r„) the unique solution of Eq. fl3.ip replacing v by Then 
{Xn, T„,r„), where Xn = is the unique solution of the following 


SPDE: 




+xix, t] Xn-l)W{x, t) + T 
Xn{0,t) = Xn{l,t) = 0; 

Xn{x,0) = Xo(x); 

A^{x,t) < Xn{x,t) < A‘^{x,t). 


Cl 


(X„-A1) 

_ r ■ 

n ^ m 


¥ 


C2 


From Inequality fl3.3l) . 


11‘^n llloo — W'^n llloo (3.10) 

and therefore 

||X„ - Xn-lWl, < 2\\Vn - Vn-lWl,. (3.11) 

Under the assumption (F2,F3), there exists constant C{k,T) depending on 
k, T, such that 

E(||W-A'„_i|P‘ < 2‘E(|K.„ 

< c‘-'(4.r)E(||x,-A„|ia‘j^^, 



4. Pathwise Properties 

Let S be the circle [0,1], with the endpoints identified, and let p{x,y) be 
the distance from x to y along the circle S. That is, let 


p{x, y) = min \x — y + k\. 
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In this section, we consider pathwise properties of the following SPDEs on 
S X M, : 


^ = 0 + fix, t, X) + + x(a;, t, X)IE + T - h; 

X(a;,0)=Xo(a;)eC'(^); 

A^ix,t) < Xix,t) < hf ix,t), for ix,t) G S' X M+. 

(4.1) 


Here W[x, t) stands for the space-time white noise. 

Set Am,t = £ C{S X M+) : sup |X(a:,f)| < M}. The reflecting 

a:e5,iG[0,T] 

walls A^, and coefficients: /, x are assumed to be analogous with that in 
section 2, i.e. 

(HT)A*(x,f) G 0(8 X M+) and A^ix,t) < A^ix,i) for (x, t) G S' x R+; 

(H’2) f^ + 0GL2(^x [0,T]); 

(H’3) |A*(0,f) = |A*(l,f) = 0 for f > 0; 

(H’4) |(A2-A1) >0. 
and 

(FT) fi;-,Q),xi;-lQ) x[Q,T])- 

(F’2) for every X,X E Am,t, there exists Ct,m > 0 such that 

\f{x,t-,X)-f{x,t-,X)\ + \xix,t-,X)-xix,t-,X)\ <Ct,m sup |X(|/, s)-X(|/, s)|, 

y&S,sG[0,t] 


for every x G S' and t G [0, T]; 

(F’3) there exists Ct > 0 such that 


|/(x,t;X)| -f- |x(x,f;X)| < C't(1 + sup |X(|/, s)|), V(x, t) G A x [0, T]. 

ye5,sG[0,t] 

Here the precise definition of the solution to Eq. fl4.ip is as follows. 


Defintion 4.1. A triplet (X, T,r) is a solution to the Eq. (4^) if 

(i) X = {X(x, f); (x, f) G S' X R+} is a continuous, adapted random field 

satisfying A^ix,t) <X(x, f) < A^(x, f), a.s; 

(a) Tidx,dt) and Tidx,dt) are positive and adapted random measures on 
S X R+ satisfying 


T{S X [0,T]) < cx), T{S X [0,T]) < cx) 
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for T > 0; 

(Hi) for allt>0 and fj G C°°{S) we have 


{X{t),%lf) - - / {X{s),%l)")ds - / {f{y,s,X),ij)ds 

Jo Jo 


{ ^X - Ai)^ ~ (A 2 I I ix{y,s,X),fj)W{dx,ds) 


lo JS 



+ / 'ipT{dx,ds)— ipT^dx^ds), a.s, 


0 JS 



(4.2) 


0 JS 


where (,) denotes the inner product in Lf{S); 
(iv) 


'SxR+ 


{^X{x,t) — h^{x))T[dx,dt) = / (^A‘^{x) — X{x,t))T{dx,dt) = 0. 


'SxR+ 


The existence and uniqueness of the solution of Eq. fl4.1l) is established 
in a similar way as Theorem 13.11 


Theorem 4.1. Let Xq G C{S) satisfy A^(a;,0) < Xq{x) < A^(a;, 0), for 
a; G S'. Under the hypotheses (F’1)-(F’3), there exists a unique 

solution (X, T, T) to the Eq. (14.11) for all -d > 0. 


Before studying the pathwise properties of SPDE (14. Ih . we introduce some 
notation. In view of assumption (H’2), suppose that there exist fi G 
where Qt ■= S x [0,T], such that 


dA^{x,t) d‘^A'^{x,t) 
dt dx"^ 




Let 

G{t,x) = (47rt)"^/2exp(-^). 

Recall that G{t,x) is the fundamental solution of the heat equation on M. 
Next, let G(t, x, y) or Gt(x, y) be the fundamental solution of the heat equa¬ 
tion on S, and recall that 


G{t, x,y) = ^ G{t, p{x, y)+m). 

We have the following well-known result, the proof is similar to that in 
Walsh jsl and is hence omitted. 
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Lemma 4.1. Let a G (1,3). For any x,y E S and t G [0,T], there exists a 
constant Ca such that 



\G{t — s,x,y)\^dyds < Cat 2 . 


(4.3) 


4-1. The case id > 3 

We consider the special case "d > 3 in this snbsection. We have the 
following theorem, which is a corollary of Lemma 14.21 below. The proof of 
Lemma 14.21 is similar to that in , bnt is nontrivial. 

Theorem 4.2. Let Xq G C{S) satisfy A^(a;,0) < Xq{x) < A^(a;,0),a; G S 
and suppose (H’1)-(H’4), (F’1)-(F’3) hold. If'd > 3, then the unique solution 
(X, T,r) to Eq. Ii4.1\ ) remains in (A^A^) for all time and x E S, hence 

T = r = 0. 


Snppose that v{t,x) satishes 


f Vt = Va:x + f{x,t,v) + g{x,t,v) + x{x,t,v)W, t > 0, X E S] 
\ r;(0,a:) = Xo(a;), 


(4.4) 


where /, y are given at the beginning of this section and for every 5, 5 > 0, 
denote 

g{x,t,X{x,t)) = (^|X(a;,t)-A^(a:,t)|V((5/2)j -(^|A2(x,t)-X(a;,t)|V(5/2)j 

Lemma 4.2. Given T > 0 , 'd > 3 jind e > 0. There exists ^o, > 0 

such that for any 0 < 5 < ^o, 0 < <5 < and Xo(a;) G C{S) satisfying 
A'^{x, 0) — 5 > Xo(x) > A^(a;, 0) + 5 for all x E S, 

^ ( o<^<T S ^ ^ 

and 

P(o^nf^inf (A2(a:,t) -n(a;,t)) < 5/2^ < e. (4.6) 

Here v{x,t) = oo if t is greater or equal to the blow-up time forv{x,t). 
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Proof At the beginning of the proof, we introduce some notations. Let 
c := inf(A^(a;, t) — A^(a;, t)), C := sup(A^(a;, t) — A^(a;, t)). Denote 

Qt Qj, 

0 = {X e C((5 t) : sup \X{y,s) - A\y,s)\ <c/4}, 

{y,s)&QT 

9 ? ;= inf inf /(x, f, X(a;, t)) andsup sup f{x,t,X{x,t)). 

0 ix,t)eQT 0 (x,t)eQT 

By the assumptions in this section, c, C, (p, ip are hnite constant. For 
any / > 0, denote 

Ui = {xe C{Qt) : 1/2 < X{y, s) - A\y, s) < 21, W{y, s) e Qt]- 

Since d > 3, it follows that <1/4. Choose k such that l/('d + 1) < 

K < 1/4. Let (5o, (5i < c/8, 0 < <5 < (5o and 0 < <5 < (5i. 

Note that if X G U^, then 

A^{x,t) — X{x,t) = A^{x,t) — A^{x,t) + A^{x,t) — X{x,t) 

> c — 2S > c — 2So > 3/4c, 

and 

A^{x,t) — X{x,t) = A^{x,t) — A^{x,t) + A^{x,t) — X{x,t) 

< A^{x,t) — A^{x,t) < C. 

So we have C > |A^(a;,t) — X(a;, t)| V {5/2) > ?,/4:C. 

Hence, ioi a = (p — (3/4c)“’^, A = ip — C~^, 

{25)-'^ + a< fix, t, X{x, t)) + g{x, t, X{x, t)) < (6/2)-^ + A, VX e 175.(4.7) 

Let w{t,x) satisfy 

{ wt{x, t) = Wxx{x, f) + f{x, t, w{x, t)) + g{x, t, w{x, t)) 

+x{x,t,w{x,t))W{x,t)-, (4.8) 

w{x, k/3) = A^(a;, k/3) + 5, k/3 < t < {k + l)/3, x ^ S, 

where (3 = M = T//1 is an integer and /c = 0, • • • , M — 1. 


15 



To get Inequality fl4.5p . it is enough to prove 

pf inf (v{x,t) — w(x,t)) > 0, inf (w{x,t) — A^(x,t)) > 
V (x,t)eQ'r ' (x,t)£QT ^ 


{x,t)£QT 

> 1-e. 


(4,9) 


For k(3 < t < {k + 1)(3 and x E S, and assuming that A^(a:, s) +5/2 < 
w{s, x) < A^(x, s) + 25 for fc/d < s < t and x E S, we have 

w{x,t) = [ G{t - k/3,x,y)A^{y,k/3)dy + 5 + Dk{x,t) + Nk,L{x,t), (4.10) 


where L = sup sup x(a;, f, X(a:, f)), and 
X£Us{x,t)eQT 


Dk{x,t) = G{t - s,x,y)g{y,s,w{y,s))dyds 

Jkp Js 

+ / / G{t - s,x,y)[f{y,s,w{y,s))]dyds, 

Jky Js 


Nk,L{x,t)= / / G{t - s,x,y)[x{y,s,w{y,s)) AL\W{dy,ds). 

JkjS Js 

Denote by the blow-up time for |ta|. Let w{x,t) = Dk{x,t) = Nk^L{x,t) = 
oo if t > Tw 
Let 


A/fc — {ca E D i 


Nk,L{x,t) 


{t - kfjy 


< ^l-K(l+^)2-3-2^+K++2)^y^^^^^ ^ ^ky^{k + l)(J]xS}. 


Because of 1 — k{1 + '5) < 0, if 5o is small enough, then from Lemma 2.3 
iniP(A4^)<^, V5e(0,5o], = 

Let J\f = n^o^-Mc- Since 


M-l 


P( inf inf 

V0<t<Ta;eS L 


v{x, t) — A^(a;, t) 


< 


< 


P(A5") < E 


k =0 


it suffices to show that w{x,t) < v{x,t) and w{x,t) — A^{x,t) > ^2 for 
0 < f < T and x E S. By comparison theorem (see Lemma 2.2 in j^) and 
induction, w{x,t) < v{x,t) for 0 < t < kfj and x E S. 
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Therefore, our aim is to obtain that if the event A4, A; = 0, • • • , M occurs, 
then, A^(a;, i) + 5 /2 < w{x, t) < A^(a;, t) + 2^, k/S < t < (k + I)/?, x E S,k = 
0, • • • , M — 1 and A^(a;, {k + I)/?) + <5 < w{{k + l)/9—, x), x E S, where 
f{t-) = hm/(s). 

Let t* be the hrst time t E [k/3, {k + 1)13) such that for some x E S, 
w{x,t*) = A^{x,t*) + 6/2 or A^{x,t*) + 26. Dehne t* = {k + 1)(3 if there is 
no such time. 

Thus, to get inequality fl4.5p . we need only verify that on A4, 

(i) t* = {k + l)f3; (ii) A^(a:, {k + 1)13) + 6 < w{{k + l)f3—,x), x E S. 

For X E S and if t* < {k + 1)(3, then by the dehnition of f3, 


< /9 sup sup [ f{x,t, X{x,t)) + g{x,t, X{x, 

XgiJi (x,t)&QT 

< p\d)-^ + A 


-i?-2 rl+»? 


= 2-^-^6 




-1? , /I ^ ^ 2-'^-'^6^^^A 

4 


and \Nk,L{x,t*)\ < 62~^~‘^^. 

Let Ik{x,t) = JgG(t — k/3,x,y)A^{y, k/3)dyds. Since h and A^ are the 
unique solutions of the following PDFs respectively. 


telki3,(k + m,xeS; 

H{x, kl3) = A^(a;, k/d) 


(4.11) 


and 


+ fi{x,t), tE[k^,{k + l)^), X E S] 
H{x, k/3) = A^(a:, k/3), 

then, by Lemma 14.11 

\Ik{x,t*) - A^{x,t*)\ 


(4.12) 



G{t* - s,x,y)fi{y,s)dyds\ 


< 


'ky Js 

_ j.* 



1/2 


\G{t* — s, X, y)\'^dyds 

'-Jky JS 

< C{t* - s)^/^ < C/3^/^ = C2"^6^. 



\fi{y,s)\‘^dyds 


'-Jo JS 

-73-2 „ 1+1? 


1/2 


(4.13) 


17 


















Therefore, if x G S' and if f* < (fc + I)/?, then 

|w;(x,r) - A^(x,r) - (5| < |/fc(x,r) - A^(x, kj3)\ + \Dk{x,t*)\ + \Nk,L{x,t*)\ 

< C2^6^ + - + 2-^-^6^+^A + 62-^-^^. 

4 

Hence when (5o is small enongh, \w{x,t*)—A^{x,t*)~^\ < <^/2, V5 G (0,5o], 
and so t* = {k + 1)(3. 

To show (ii), in view of 

w{x, {k + 1)(3—) = f G{{k + 1)(3 — k(3,x,y)A^{y,k/3)dy + 6 

Js 

+Dk{x, {k + 1)13) + Nk,L{.x, {k + 1)13), 

we have to check 

|4(x, {k + 1)13) - A^(x, {k + 1)/?)| + \Nk,L{x, {k + 1)/3)| 

< Dj,{x,ik + l)/3). (4.14) 

Therefore, ineqnality fl4.14p is acqnired by the following ineqnalities 
Dk{x, {k + l)/3) > S2-^^-^ + a2-^-^6^+\ {k + l)/3)\ < 62-^^-\ 

and |/fc(x, (/c + l)/5) — A^(x, (/c + 1)/5)| < C2“^ 6^. This completes the 
proof of fl4.5p . Similarly, we can get fl4.6p . □ 

4-2. The case 0 < < 3 

In this snbsection, we assnme the diffnsion coefficient x is bonnded away 
from zero. More precisely, we assnme that 

(A) There exists c > 0 snch that c < \xix,t, X)\, V(x, t) G S' x M+, X G M. 


Denote X the solntion of Eq. fl4.ip . dehne 

Ti := inf{t > 0; inf (X(x, t) — A^(x, t)) = 0}, 

T 2 := inf{t > 0; inf (A^(x, t) — X{x, t)) = 0}, 

x^S 

and set r := Ti A T 2 . 

The aim of this snbsection is to show that the following proposition holds. 
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Proposition 4.1. Let the same assumptions as Theorem 4-l\ and (A) hold. 
Let 0 < d < 3, and suppose that Xq G C{S) satisfies A^(a:,0) < Xo(a;) < 
A^(a;,0) for all x G S'. If X solves Eq. fl4.ip . then P{t < oo) > 0, i.e, 
the solution of Eq. fl4.ip hits A^{x,t) or A^(x, t) in finite time with positive 
probability. 

First, we introduce the following SPDE 
n(x, 0) = Xo(x). 

Then Eq. (I4.15p has a unique solution on the random time interval [0,r.y], 
where 

T.^ := inf{t > 0; inf (n(x, t) — A^(x, tf) < 0}. 

The next lemma is analogous to that in j^. 

Lemma 4.3. Let 0 < "d < 3 and suppose that Xq G C'(S') and inf (Xo(x) 
A^(x,0)) >0. If V solves Eq. fl4.15p . then P{t^ < oo) > 0. 


Proof. Let ry(x,t) = n(x,f)—A^(x,f) andr(;(x, 0) = Xo(x)—A^(x, 0). Then 
w{x,t) is the unique solution of the following equation on [0,r.y], 


+x(x,t,w + A^)W(x,t), (x,t) e S X 
w{x,0) = Xo{x) - A\x,0). 


(4.16) 


Now we use a Girsanov transformation to remove the drift term —fi{x, t) + 
/(x, t, w + A^) from Eq. fl4.16p . 

Consider 


A ‘=‘ + A^)hF(x, t), (x, t) E S X M+; 

S(x, 0) = Xo(x) - A^(x, 0). 


Eq. fl4.17p has a unique solution S on [0, th], where 


(4.17) 


T'. 


H := inf{t > 0; inf (S(x,f)) < 0}. 

x^S 


Let denote the measures on the space of continuous function 


ThAT 


g : S X R+ —)■ R induced by w 


r^AT 


H'Ts AT 


respectively. Here we denote h'^ 
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the truncated function h'^{x,t) = h(a:, t)l{j<T-}. Because of Condition (A), we 
have is absolutely continuous with respect to 


-^ = J -.= exp 


(*T/\t= 


f*TAT^ 


q{x, t)W{dx, dt) —1/2 


{q{x, t)Ydxdt ), 


where q{x,t) = x + h^)[-fi{x,t) + /(x, f, S + A^)]. 

Note the fact that 


/ / {q{x,t)Ydxdt < oo, a.s., 

Jo Js 

and the fact P(rH < oo) > 0 by Theorem 1 of j^, hence P(r„ < cx)) >0. □ 

Proof of Proposition 14.11 From Theorem 2.1 (comparison theorem) in 
[^, the solution X of Eq. fl4.ip is less than the solution v of Eq. fld.lSp on 
the time interval [0, A ri A T 2 \, that is 

X{x, t) < n(x, f), Vx G S', f G [0, Xy A Xi A X 2 ]. 

Hence we have {xy < cxo, X 2 = 00 } c {xi < cxd}. 

By Lemma [4.31 we have 


0 < P(Xy < CXD) = 
< 


P({Xy < CX), X2 < CX)} U {Xy < CX), X2 
F({x 2 < 00 } U {xi < CX)}) 

F(xi A X2 < CX)) 

F(x < CX)). 


CX)}) 


This proves Proposition 14.11 □ 

Acknowledgements The authors thank Prof. Zhao Dong for his encourage¬ 
ment and valuable suggestions. 
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